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Abstract. The development and evaluation of mathematical models have had a major 
influence in drying. The mathematical modelling of drying began in the 1920's 
based on the Fourier heat conduction equation and the Fick diffusion equation. 
Similar results were obtained by analogy to Newton's law of cooling of a solid. 
Models representing the equilibrium relationship among temperature, humidity, and 
moisture content for various products are now widely used. Whereas the modelling 
of particles being dried has taken place for some time, recent efforts have 
emphasized modelling of drying systems. The challenge is to develop models that 
faithfully represent the drying whether individual particles, liquid, or a deep 
layer, and which can be used to minimize cost, energy, time, and damage to the 
product. 
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Drying is an age-old practice so common that 
many people are surprised that there are 
regular international symposia as well as an 
international iournal on the subiect. Food. 
clothing, paper, wood, minerals,"chemicals,' 
and their oroducts are often dried as a oart 
of the system in which those products are- 
used. Drying is also known as dehydration, 
particularly when reducing the moisture 
content considerably below the normal 
equilibrium value. Evaporation is a term used 
in the context of removal of moisture fran a 
free water surface. 
Drying is a simultaneous coupled heat transfer 
and multi-phase moisture flow process. 
Moisture flow occurs within the product to the 
surface and away from the product on the 
surface, while heat is transfered frmn the 
surface into the product. 
Drying has taken on an added emphasis during 
the past 50 years: 
o To have more positive control over an 
operation 
o To speed operations 
o To provide an energy efficient operation 
o To avoid damage to the product (heat 
crack, fissures, etc.) 
o To preserve biological materials and put 
in a state for safe storage 
o To put in a form for easy reuse, such as 
for agglomeration of food particles. 
Mathematical modeling provides an opportunity 
for representing the complicated relationships 
in moisture flow. Mathematical modeling is 
now comnonly used in drying to: 
o Represent the flow of moisture in a 
product to better understand the 
phenomena which could lead to new 
approaches to drying. 
o Represent the input-output relationships 
of a drying system to minimize cost while 
maintaining quality, while also 
considering environmental aspects. 
o Represent the moisture-product 
relationships as the basis of improved 
design, operation, 
drying system. 
and management of a 
Using a mathematical model to represent drying 
began in the 1920's by Lewis (1921), and was 
followed by Sherwood (1929), and by Nevnaan 
(1931). Models are first conceptual, then 
mathematical, and have been developed in many 
different forms to represent drying. 
Generally, one should attempt to understand 
the phenomenon and develop the models based on 
the understanding. Generally different models 
have been developed 1) to represent the drying 
of the product and 2) to represent the 
operation of the equipment. The first is 
generally physical modeling while the second 
has been primarily numerical modeling. 
The mathematical modeling of drying can be 
approached as moisture flow (solid, liquid, 
gas): 
o Within materials 
o Between materials 
o From materials 
o Into transport medium 
o Reaction between transport 
medium and particle (momentum) 
o Out of drying system (dryer). 
To represent the drying process mathematical 
models are needed to describe: 
Relationship of water to substrate -- 
protein, fat, fiber.....inert (sand) 
Monomolecular to multimolecular layers of 
water 
Flow of liquid/gas within product 
Sites for and extent of change of state 
Flow of liquid/gas through skin/surface 
Movement of moisture away from product 
Flow of air (or other moisture carrying 
medium) around product 
Flow of energy 
System input/output relationships. 
Mathematical models must consider the products 
or materials to be dried which may be solid, 
liquid or gas. We will focus our attention on 
the drying of solids and liquids. Solids may 
be considered as individual particles, thin 
layer, deep bed, hygroscopic and 
non-hygroscopic. For liquids we consider 
surface evaporation, formation of droplets, 
air flow, and handling wet products into and 
solids out of dryer. 
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To increase the rate of drying, one can make 
it easier for the moisture to get out of the 
product. This might be done through creating 
more surface area by grinding, crushing, or 
atomizing products. The rate of drying may‘be 
increased by using a higher temperature to 
increase the rate of heat and mass transfer. 
This procedure is generally acceptable. but 
some products may be damaged by too high a 
temperature and others may become case 
hardened or sealed on the surface so that a 
higher temperature can lead to a reduction 
rate of drying. 
We develop models to represent the drying 
process, often of a constitutive equation 
type. These may be mechanistic or 
phenomenological equations. Although the 
equation upon which the model is based may 
theoretical, the model may be empirical. 
in 
be 
Mechanistic - These equations are based 
on relationships which are associated 
with the mechanism of transfer, such as 
molecular flow and movement, capillarity, 
etc. 
Phenomenological - These equations 
represent what happens without 
necessarily being tied to the 
fundamental mechanism of transfer. That 
’ it represents the same behavior as 
1;; product but is not necessarily 
associated with the theoretical base. It 
is like a spring and dashpot that can be 
used to represent force-distance 
relationships. 
To date, most equations have been empirical. 
that is. an equation may represent the 
input-output or cause-effect relationships 
without being based upon the fundamentals of 
the reaction or response. An equation can be 
written to represent the phenomena, usually as 
ODE or POE. These may have: 
o An analytical solution, like a series, 
logarithmic, or exponential equation 
o A numerical solution, which has beccme 
more popular as computers have become 
available. 
Partial differential equations for drying 
particles are generally parabolic while those 
for deep bed drying are usually hyperbolic. 
The models or equations can be very 
complicated so it is necessary in most cases 
to simplify and make assumptions. Simplifying 
assumptions are usually made and these have to 
be identified as a part of the model if it is 
to be useful to others. The use of the 
following terminology in drying literature 
indicates the extent to which modelers have 
gone to simplify approaches: effective 
thermal conductivity; modified hopping 
molecule; apparent surface flow; average 
volume change; estriated diffusion; 
quasi-moisture content; psuedo mean 
temperature; and fictitious diffusion 
coefficient. 
GENERAL APPROACH 
The general approach has been to postulate a 
drying response, write equations to represent 
the theoretical approach, carry out 
experiments, modify equations by adjusting 
exponents and constants to get the model to 
conform to the conditions and events. Models 
are usually situation (product, process) 
specific. The attempt is to develop a more 
relevant model which is also more generalized 
(fit more products and more processes). 
Models are becoming increasingly complicated 
and difficult to manipulate. Analytical 
solutions often give way to numerical 
solutions using the computer. To simplify 
equations. terms with little influence such as 
gravitational forces are eliminated. Several 
parameters are combined, parameters are 
lumped, and numerous assumptions are made 
towards simplification. Boundary conditions 
are selected so as to simplify models. The 
challenge to investigators is to find models 
which are simpler and more accurate. The 
search for simplicity has eluded 
investigators. as more variables are being 
incorporated to improve accuracy. The 
computer is being utilized to handle the 
complicated equations not previously solvable 
by analytical means. 
The move to develop more accurate models or 
equations overrides the desire to simplify. 
An accurate drying model will help provide 
equipment with better design, energy will be 
used more efficiently, product quality will be 
maintained or improved. and schedules of major 
drying operations realistically established. 
The present mathematical models of drying have 
evolved over the past 50 years. Of course, 
with the increase in knowledge and 
understanding there have been many 
improvements and developments in design and 
utilization as a result of the research. We 
cannot expect major breakthroughs until new 
approaches representing drying are developed. 
With new "superscopes," that is, enhanced 
electron microscopes, and "supercomputers" to 
rapidly handle mountains of data, new 
approaches will be based on cellular and 
molecular relationships. 
DRYING CURVES 
Basic to present day approaches is the 
development of a drying curve, often done 
experimentally under laboratory controlled 
conditions. The drying curve is a plot of 
drying rate versus moisture content (or time). 
The drying rate is expressed as weight loss of 
material being dried per unit time and for 
unit surface area. A particular drying test 
may consist of getting the drying rate in 
terms of weight loss per unit time. 
The characteristic drying curve! also called 
the drying rate function, describes the 
product response, not the external conditions 
as provided by the drying equipment. Without 
equipment for drying, the rate of moisture 
removal is highly dependent on the natural 
environmental or atmospheric conditions. 
Four basic or principal modes are used to 
represent moisture flow to and from the 
surface of a sphere, cylinder. slab. or other 
solid particle. 
Capillary flow of liquid moving through 
pores to the surface, followed by 
evaporation at the surface 
Vapor flow fran liquid sites which 
receive thermal energy, with vapor flow 
by diffusion to the surface 
Evaporation - condensation of water 
molecules which then reach the surface 
and are carried away 
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o Mixed flow with liquid and vapor 
reaching the surface depending on the 
size of capillaries. 
Some existing well-established relationships 
are useful in modeling: 
The Fourier equation represents energy 
flux by conduction. 
Darcy's Law applies to viscous flow 
through pores based on pressure 
gradient. 
Poiseulle's Law qives liquid flow 
through capillarjes. 
Fick's Law represents vapor flow by 
molecules based on concentration 
gradient. 
Whitaker and Chou (1983) incorporate 
capillary pressure and relative 
permeability into the equation as 
adjustable parameters to improve the 
ability of the equation to represent 
the phenomena which includes two 
falling rate periods, in addition to 
the constant rate. 
investigators choose to use the 
nonnygroscopic models to represent drying of 
hygroscopic materials such as wood. 
Adjustments are made in the parameters to 
handle the representation, and they introduce 
an explanation for bound water migration as a 
liquid based on the gradient of its chemical 
potential absorbed molecules (Stanish. Gal. 
1984). The distribution of moisture in a 
sphere, cylinder, slab or particle is 
considered as: 
Linear, from high to low, with 
average moisture content used 
in equations 
Exponential, from high. usually 
in the center, to low on the edge 
Hyperbolic; or 
Weibull distribution. 
The accuracy of these representations 
depends on the material (chemical content, 
pore size, length dimension, temperature, 
stage of drying, etc.). The model for 
representing the moisture in a product can be 
quite complicated, and as that mathematical 
relationship is incorporated into the overall 
drying equation, the potential difficulty of 
properly representing the moisture can be 
seen. 
What happens in the body on the pore surface 
is subject to much speculation. Generally it 
is assumed that the moisture is involved in 
adsorption rather than absorption. The 
currently accepted theory is that molecules of 
water, one and more molecules thick, reside on 
the surface. Energy supplied causes these 
molecules to move around, frm one site to 
another known as "hopping molecule;" or energy 
supplied causes vapor molecules to form and 
move to locations of lower vapor pressure and 
out of the material to the drying medium. 
Several models have been used to represent the 
vapor pressure, energy relationships, 
temperature effects. and the number of 
molecular layers of moisture: Nernst Relation. 
BET (Brunauer-Emnet-Teller), Burger and Pei, 
Freundlich, Harkins-Jura, and 
Clausius-Clapeyron. 
These relationships are empirical and often 
represent only a portion of the moisture 
regime. Until moisture sites can be observed 
in detail (a water molecule has a diameter of 
2 Angstroms), empirical relationships will 
continue to be used. 
These relationships are quite useful in using 
the vapor pressure approach to represent 
drying relationships. For a hygroscopic 
product, a vapor pressure is associated with 
each moisture content and temperature. 
Experimental data are easily obtained to 
establish the vapor pressure and moisture 
content equilibrium conditions at specific 
temperatures, For empirical representation of 
drying, the equation listed below is simple, 
reasonably accurate and quite useful. Equation 
1. 
M - Me = Ae-kt 
Mo 
(1) 
Where M = moisture content at time, t 
MO = original moisture content 
Me = equilibrium moisture content 
k = drying constant 
LAYER DRYING 
Whereas Lewis (1921) described mathematically 
the drying of a discrete body (grain. kernel, 
slab, sphere, etc.), Sherwood (1929) described 
the evaporation front moving into a wet body or 
bed. Although Sherwood did his work on a thick 
slab, the approach is used to represent forced 
convection drying. The drying front moves into 
the wet material with a zone of evaporation 
(drying) following the front. The drying zone 
is not defined by sharp planes. A set of three 
differential equations can be developed to 
describe the combined heat and mass transfer for 
the drying front in a solid (Przesmycki and 
Strumillo, 1984): 
Wet zone (liquid) (2A) 
Dry zone (vapor diffusion) (28) 
ac 
--!C = ;ij (Deff 2) 
at 
Dryinq (evaporation) zone 
ah6 ) 
a(ws,)/at = $ (k +) 
Where 6 = density of solid 
D eff = 
c, = 
mph 
connects the evaporation of wet 
(liquid and vapor) (2C) 
- mph 
zone in the first stages and 
desorption in the last stages of 
drying. 
effective diffusivity. 
specific heat, constant volume. 
4 
There is considerable research 
reported tying these relationships 
together. These have usually been 
done for different stages of drying, .- 
describing appropriate boundary 
conditions, and solving numerically 
using finite difference methods. 
For forced convection in a bed of 
particulates. a parallel approach can 
be given for the drying medium (air) 
flow in the same direction as the 
drying front. One can consider the 
deep bed as made up of several 
particles from which moisture flows 
into a moving moisture absorbing air 
stream. Drying proceeds until the air 
stream is saturated or until the 
moisture is removed to the equilibrium 
conditions. The length of the drying 
zone in the direction of the air flow 
and the velocity of advance of the 
drying front are strongly connected to 
the velocity of air flow and humidity. 
The air leaving the bed will approach 
100 percent relative humidity, but 
without adequate air velocity would 
condense on the exhaust side perhaps 
causing damage to some products because 
of the excessive moisture. With a very 
high air velocity, the drying zone 
could extend entirely through a deep bed. 
In the drying zone in bed drying, between 
the drying front and the trailing plane, 
the moisture gradient can be represented 
as a logarithmic model (Barre and Hamdy, 
1974). 
The particulate bed could be considered 
as a large body having a constant rate of 
drying from the beginning, that is, after 
warm-up until the drying front reaches 
the exhaust side. After the drying front 
reaches the surface, there is a decreasing 
(as opposed to falling) rate of drying. 
The term falling rate is applied to drying 
particles and the term decreasing rate is 
applied to drying a deep bed. 
For a stationary bed, batch operation, 
the static pressure, that is, the 
resistance to air flow, changes as drying 
proceeds, providing another variable. 
In particulate bed drying, the relationship 
of direction of heated air to the product 
can be: 
Countercurrent (bed stationary 
in batch with air moving; or 
bed moving in the opposite 
direction to the air) 
Cocurrent (applies to product 
bed moving, usually down, and 
air moving up; could apply to 
product-air flow relationships 
over a belt as well) 
Crosscurrent (product 
stationary or moving down with 
air moving across the bed, 
which could also be the oroduct 
on a belt) 
Mixed flow (combinations of the 
above). 
5th ICHM 
BATCH DRYING LUMBER 
Drying in batch kilns, such as lumber. 
provides another example of convection 
drying in which the air leaving one 
element is the same as the air 
entering the next element. etc. A 
Monte-Carlo simulation model can be 
used to predict the drying rates of 
individual boards in the kiln 
(Standish, et al 1984). The air flows 
between boards separated by stickers. 
Equations are developed for rate of 
change of the board mass due to 
drying, the convective and conductive 
resistances from the air to the wood, 
which are related to the evaporative 
heat loss, the average temperature of 
the board, and gas phase balance. 
Whereas drying rate is usually 
analyzed as a function of the moisture 
content of the product, a unique 
feature of Kayihan (1984) is to use 
drying flux as a parameter rather than 
drying rate. Randan values of 
moisture content and drying flux 
(d&a) parameters within expected or 
known limits (A and B) are assigned 
during the Monte-Carlo simulation of 
the stochastic process. The flux 
parameters are updated throughout 
simulation to represent the changing 
conditions (Equations 3 and 4). The 
output of the Monte-Carlo simulation 
is a distribution of moisture content 
for a selected number of boards, say 
50 to 100, and the model can be used 
for process control. For drying wood 
the model needs to accomnodate 
reversal of air flow, resting periods 
for equilibration, as well as the 
usual change in conditions of drying 
air with the product. 
In drying operations, it is usually 
necessary to select the most important 
variables to control the process, with 
adjustments to account for the 
process. Several parameters are often 
combined or lumped in an analysis. 
These parameters may not have any 
physical relationship in terms of 
units or dimensions, but provide a 
manageable. workable approach or 
solution, as shown in Equations 3 and 
4 using drying flux, 
At low moisture: 
$/a = B(u - uemc) 
At high moisture: 
$!/a = (Mo/RT) kp((pvs (Twb) - Pv)) =A (4) 
Where uemc = equilibrium moisture 
content of the wood 
B = number which is 
proportional to effective 
moisture diffusivity 
T = average film temperature 
T wb 
= wet bulb temperature 
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k = mass transfer coefficient 
(or h) 
A = function of temperature, 
velocity, geanetry (a 
lumped parameter) 
M = moisture content. 
LIQUID PRODUCTS 
Evaporation fran a liquid surface is a 
natural phenomenon which can be 
accelerated by an increase of air 
movement over the surface during which 
heat is added. Also the liquid can 
be moved over a heated device to 
increase drying, such as with a roller 
drum dryer in which models are 
primarily heating and evaporating 
moisture from a film which is scraped 
from the drum. To dramatically 
increase the moisture removal we 
create a large surface area through 
atomization. known as spray drying. 
Although large surface areas can be 
reproduced from solids by grinding or 
crushing, the nature of the product is 
substantially changed and for many 
applications is not acceptable. 
The spray drying process consists of 
continuously producing droplets, 
usually previously condensed from two 
to one or more of a heated product. 
The droplets are about 150 microns in 
diameter which are produced in a 
cylinder in which heated air is moved 
around the droolets and moisture 
parameters in modeling. Modeling is 
further complicated by recent trends 
to consider a second stage in a spray 
dryer, which has been suggested for 
less sensitive materials, such as for 
some detergents in a countercurrent 
type dryer. 
The droplets vary in size as they 
leave the nozzle forming a gausian 
distribution. Although it is 
generally agreed that a uniform size 
is desirable, the transport processes 
involved in drying are similar to 
those for a solid sphere. For a short 
distance and time fran the nozzle, 
moisture moves quickly from the 
droplet to the air. For a spray 
dryer, the droplet may begin with a 
hollow sphere or soon develop the 
hollow core with moisture flow. As 
moisture flows out of the droplet, gas 
spheres may coalesce, the droplet 
changes in size, possibly shrinking 
then expanding, with a surface 
wrinkling, canplicating the modeling. 
The heat and mass transfer 
relationships are given by the 
empirical equations of Ranz and 
Marshall (1952), which is widely used 
for modeling (Equation 5). 
NU = 2.0 + 6.0 Pr 1'3 Re I'2 (5) 
Where Nu = Nusselt number = h,D/k 
removed with the air. One of three 
devices--oressure nozzle. centrifuoal 
wheel, or'pneumatic--is used to - 
atanize the product. The air flow can 
be countercurrent, cocurrent, 
crosscurrent or mixed, similar to 
drying a bed of solids. These 
potential combinations provide many 
Pr = Prandtl number = cpu/k 
Re = Reynolds number = DpV/, 
The generalized formulation of the 
diffusion equation for a concentration 
dependent relationship is in Equation 
6. 
variations of mathematical models. 
Spray dryers are used for food, 
biological, and pharmaceutical 
products. -Models for representing the 
process are often specialized to 
g = _J (orXzg ) 
at a+ 
Where 0, = the diffusion' coefficient 
account, not only for the heat and 
mass transfer? but also such variables 
as enzyme activity with the enzymes to 
be preserved for detergents and 
enzymes to be inactivated for 
components of some foods. Volatiles 
such as flavor can either be preserved 
or eliminated. Viability may need to 
be maintained such as for 
microorganisms and blood. Two-stage 
operations, temperature level, air 
flow control, use of inner gases, 
foaming of the product, 
homogenization, all provide 
modifications of conventional drying 
to meet objectives, and complicate 
mathematical modeling. 
X = dimensionless shape used 
for nonshrinking and 
shrinking droplet systems 
Dr = D/Do 
x = (v + 1) ,$v’v+l 
The generalized equation above can be 
used for concentration dependent 
diffusion in shrinking and 
nonshrinking spheres or other shapes 
containing a gaseous core or a finely 
dispersed gas. For the shrinking 
system, which is most likely the 
appropriate model, drying of a droplet 
may be represented by four phases. 
Spray or droplet drying must occur so 
as to avoid sticking to the dryer 
chamber walls, be adequately dry to 
permit handling and packaging, and be 
done without deleteriously affecting 
the product. The product must be 
removed frMn the dryer as soon as it 
is adeouatelv dried to avoid 
overheating &id damage to the product. 
Thus, the moisture content and 
distance traveled are important 
o Constant surface water activity 
o Decreasing surface water 
activity 
0 Penetration period 
o Regular regime curve. 
LOOKING AHEAD 
Over the past 50 years considerable 
progress has been made in developing a 
6 
theory and applying that theory to drying. 
Much of the present work consists of refining 
principles of the past, and that will 
continue. However, we are due for a major 
change, a step function, if you please, in'- 
developments of drying. Most of the models 
presently used are empirical, that is, they 
describe a response to various inputs for a 
limited application. Some relationships can 
be generalized, such as the drying of 
hygroscopic porous material, but only after 
numerous experiments are conducted to 
determine the constants. 
The search for generalization should and will 
continue. It may be more efficient for many 
applications to run a few tests on a product 
to be dried and develop the empirical 
relationships needed for operation and 
control of the system, rather than to develop 
a generalized approach, which will have to be 
thoroughly tested as well. 
New approaches are now afforded in a 
technology-driven environment. The access to 
supercomputers (the latest. largest, fastest 
available) and the enhanced electron 
microscope (SEM) and nuclear magnetic 
resonance (NMR) devices being dubbed 
"superscopes" provide new opportunities. 
Data collection, sampling and analysis will 
change--a new statistics is needed; imaediate 
real time control is possible--for research 
and production; and observations within the 
product will replace or supplement 
observations on the surface or surrounding 
the product being dried--these will be at the 
cellular or molecular level. These new 
models will be more theoretical rather than 
empirical, and perhaps more general in 
nature, possibly simplified, at least in 
theory if not in use. The computers and 
instruments are available to handle the 
complicated relations and applications, even 
to building 3-D molecular patterns which can 
be manipulated and observed. Expert systems 
in which a knowledge base can be quickly 
searched will be used for providing control 
systems for dryers. 
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